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Abstract 

The aim of this work is to demonstrate the effectiveness of the extension theory for 
the investigation of the stability of standing waves for semilinear Schrodinger equations 
with 5- and S'- interaction on the line and on the star graph. 
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1 Introduction 

In the last years the study of nonlinear dispersive models with point interactions has attracted 
a lot of attention of mathematicians and physicists. In particular, such models appear 
in nonlinear optics, Bose Einstein condensates, and quantum graphs (or networks) (see 
|l3,: f7lfl8ll3T| and reference therein). The prototype equation for description of these models 
is the nonlinear Schrodinger equation (NLS henceforth) 

id t u(t, x) + dlu(t, x) — /a \u(t, x )| p_1 u(t, x), x 7 ^ 0 , (l,i)eRxl, p> 1 , ( 1 . 1 ) 

with specific boundary conditions at x = 0 induced by the certain impurity. Recently, there 
has been a growing interest in this model from the mathematical side in the attempt to 
establish the local well posedness of its initial value problem and periodic boundary value 
problem, the long time behavior of its solutions, blow up and scattering results, the existence 
of stationary states (see [U fInl - [l2lfl8l[T9l[22l[25ll28] and reference therein). 

Numerous analytical, numerical and experimental works deal with special solutions of 
(11.111 . In particular, a big part of them consider so-called standing wave solutions which 
preserve the spatial shape and harmonically oscillate in time, namely, solutions of the form 

u(t, x) = e lut (p 0J (x). 

Both the structure of the family of standing waves, as well as the problems of the existence 
and stability/instability, are far richer and more complicated in the case of the NLS equation 
with point interactions than in the case of the NLS equation without impurities. 
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In this paper we investigate an orbital stability of the standing waves of the NLS equation 
with 5- and ^'-interactions on the line and on the star graph. One of the main advantages of 
using the point interactions is the existence of an explicit expression for the soliton profile 
(p u . This allows one to prove very specific results, the proofs of which are considerably harder 
in the case of general linear potential. 

Our paper consists of two parts. In the first part we propose a new approach to the 
known stability results for NLS equation with 5- and (^'-interaction on the line. It should be 
noted that most of previous results are based on either variational methods or the abstract 
stability theory by Grillakis, Shatah and Strauss [261127] which requires spectral analysis of 
certain self-adjoint Schrodinger operators. In particular, investigation of the spectrum is 
based on analytic perturbation theory and variational methods. 

Our approach relies on the theory of extensions of symmetric operators, Sturm oscillation 
theorem, and spectral theory of self-adjoint Schrodinger operators. Our method simplifies 
essentially the stability analysis at least in the case of attractive point interactions. 

We also show that stability of standing wave solution of NLS-h equation with repulsive 
nonlinearity (// > 0 in (II. 11) 1 might be easily established, while in [30j the authors used vari¬ 
ational approach which requires considerably more extensive proofs. It is worth mentioning 
that extension theory was applied in mi for investigation of stability of standing waves with 
the peak-Gausson profile ip un {x) = e^lN+i ) 2 of the following NLS-log-h equation 

id t u + d^u — r )5(x)u + 'uLog|w | 2 = 0, 7 > 0. 

The second part of the paper is devoted to the study of the orbital stability of the NLS 
equation with 5- and (^'-interaction on the star graph. To our knowledge such type of models 
is much more less studied. For instance, the only stability results for NLS-h equation on the 
graph were obtained in Bi. meanwhile the investigation for NLS-5' equation on the graph 
have never been elaborated before. Here we propose a short proof of the orbital stability of 
a certain family of standing waves for NLS-h equation on the graph with negative intensity 
a < 0 . Note that in [T] it was a big problem to show the stability for any a < 0 without 
restriction a < a* < 0. Our approach allows us to overcame easily this difficulty. Moreover, 
in the present work we prove the following novel stability theorem for the standing waves of 
NLS-h' equation on the graph with specific profile. 

Theorem 1.1. Let A < 0, 1 < p < 5, and uj > Let also U (t,x) = e ltLJ 3>q = (e ltu <Po)f=i 
be the standing wave of (12.111) defined by (12.201) . Then the following assertions hold. 

(■ i ) If uj < 75 - 7 ^ 7 . then U(f,x) is orbitally stable in H 1 (Q). 

(ii) If uj > yryzy and N is even, then U (t,x) is orbitally unstable in H 1 ^). 

The above result partially generalizes the results for the NLS-h' equation on the line. 

The paper is organized as follows. In the Preliminaries we give some brief description of 
the point interactions in the context of the theory of extensions and also review previous re¬ 
sults on the orbital stability. In Section 3 we discuss NLS equation with 5- and (^'-interaction 
on the line, while in Section 4 we provide investigation on the star graph. 

Notation. Let — 00 < a < b < 00 . We denote by L 2 (a,b) the Hilbert space equipped with 

b _ 

the inner product (u,v) = Re J u(x)v(x)dx. By H 1 (R), H 2 (R \ {0}) = i/ 2 (M_) © H 2 (R + ) 
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we denote the Sobolev spaces. The space of radial symmetric functions in is denoted 

by i7 r 1 ad (R) := {n G // 1 (M) : v(x) = v(—x),x G M}. We denote by W odd the set of odd 
functions. 

We denote by Q the star graph constituted by N half-lines attached to a common vertex 
v — 0. On the graph we define the spaces 

N N N 

L-(S) = ^L-(R + ),P>1, H'(g) = Q)H 1 (R + ), ff 2 ( 6 ) = ®tf 2 (K+). 

j=1 j=1 3=1 

Depending on the context we will use the following notations for different objects: 

— by || ■ || we denote the norm in L 2 (M) or in L 2 (Q) (accordingly (•, •) denotes the scalar 
product in L 2 (K) or in L 2 ((/)); 

— by || • ||p we denote the norm in L P (R) or in L P {Q). 

We also denote by E(Q) the space £{G) = {V = (vj)jL x G H l {G) : iq(0) = ... = Ujv(0)}. 
For N even we dehne the space 

Hl v (G) = {V = (vj)f = i G H 1 ^) : vi(x) = ... = v N/2 {x), v N/2 +i(x) = ... = v N (x), x > 0}. 
Let A be a densely defined symmetric operator in the Hilbert space H. The domain of A is 
denoted by dom(H). The deficiency numbers of A are denoted by n±(A) := dim ker(H* ® f/). 
The number of negative eigenvalues (counting multiplicities) is denoted by n(A). 


2 Preliminaries 


2.1 NLS with point interactions. 


Point interaction for (II.ip at x = 0 is formally defined by 


in which 


/ «(£, 0 +) \ _ fab 

\ d x u(t, 0+) J T \ c d 

( c \ ) 6 Si2(R) - 


( u(t, 0-) \ 
v d x u(t, 0-) J ’ 

and r G S 1 C C. 


t G M, 


( 2 . 1 ) 


( 2 . 2 ) 


The equation (12.11) captures the interaction of the “held” u with the impurity (see [T9]). 
The parameters in (12.21) label the self-adjoint extensions of the closable symmetric operator 
Ho = — defined, for instance, on the space C^°(M\{ 0 }) of smooth functions with compact 
support separated from the origin x — 0. In fact, due to the theory of extensions of symmetric 
operators on Hilbert spaces, there exists a 4-parameter family of self-adjoint extensions which 
describes all one-point interactions of H 0 . Such family can be equivalently described by 
means of boundary conditions at the origin 


( ^(°+) \ = T ( a b \ ( V’(o-) \ 

V ^'(0+) ) v c d J v ?;/ (°-) J 


(2.3) 


with a, b, c, d and r satisfying the conditions in (12.21) (see [HI Theorem 3.2.3] or formula 
(K.1.2) from [7] Appendix K]). 

We are interested in two specific choices of the parameters in (12.21) . which are relevant in 
physical applications (see mm- The first choice r — a — d — 1, b = 0, c = —7,7 G M\{0}, 
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H = =pl corresponds to the 5-interaction of strength —7 which gives rise to the following 
NLS-5 model 

id t u — H^u ± |ri| p_1 n = 0, (2.4) 

where is the self-adjoint operator on L 2 (M) dehned by 

(H*i >)(x) = -v"(x), x^O, 

D 7 := dom(if*) = {v G H\R) n H 2 (R \ {0}) : i/(0+) - v'(O-) = -jv(0)}. 

The operator H^ is formally dehned by the expression ~ 75 (x), where 5(x) is the 

Dirac delta distribution. 

Equation (12. 4ft has been considered in various physical models with a point defect, for 
instance, in nonlinear optics and Bose-Einstein condensates. Indeed, the Dirac distribution 
models an impurity or defect localized at the origin. Moreover, NLS-5 equation can be 
viewed as a prototype model for the interaction of a wide soliton with a highly localized 
potential. In nonlinear optics it models a soliton propagating in a medium with a point 
defect, or interaction of a wide soliton with a much narrower one in a bimodal fiber (see 
[6l[T3l[T8l|25l[28l|29l|32l[33l|371|38] and references therein). 

The second choice of parameters t = a = d = 1, c = 0, b = —(3, (3 6 8 \ {0}, p = — 1 
corresponds to the case of so-called 6 '-interact ion of strength — j3. It gives rise to the following 
model (NLS-5' henceforth) 

id t u — Hp u + \u\ p ~ l u = 0, (2.6) 

in which Hp is the self-adjoint operator on L 2 (M) dehned by 

{Hpv){x) = -v"(x), x^ 0 , 

Dp := dom (H s p) = {v G H 2 (R \ {0}) : v(0+) - v(0-) = ~/3v'( 0), i/(0+) = n'(0-)}. 

Recall that Hp is formally dehned by the expression Ip = — /3 < -,5' > S'(x). 

As far as we know, NLS-5' model is less studied. In particular, the problem of the well- 
posedness of the dynamics is treated in |5j for the whole family of point interactions and 
cubic nonlinearity. Moreover, in w the authors study variational properties and orbital 
stability of the ground states of the NLS-5' equation. 

The second part of our paper is devoted to investigation of the following nonlinear 
Schrodinger equation on the star graph Q 


id t U(t, x ) + <9 2 U (t, x ) + |U(t, x)\ p 1 U(t, x) = 0, 


(2.7) 


where U(f,x) = (uj(t,x))^ =1 : lx I G CA and p > 1. Moreover, U(t,x) satishes the 
following impurity conditions at x = 0 

(U - J)U(t, 0) + i(U + I)U'(t , 0) = 0, (2.8) 

where U(t, 0) = (uj(t,0))^ =1 , U'(t, 0) = (u'j(t,0))^ =1 and U is an arbitrary unitary N x N 
matrix and / is the N x N identity matrix . The conditions (12. 8 ft at x = 0 dehne the N 2 - 
parameter family of self-adjoint extensions of the closable symmetric operator (US Chapter 

17]) 


H„ 


N 

© 

3 = 1 


-d 2 
dx 2 ’ 


N 


dom(H 0 ) = ®Ci 
3 =1 


o°°( 


-)■ 
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Equation (12.71) models propagation through junctions in networks (see [T31I3T] ). The analysis 
of the behavior of NLS on networks is not yet fully developed, but it is currently growing 
(see PM and references therein). The linear Schrodinger equation on graphs has been a 
very developed subject due to its applications in quantum chemistry, nanotechnologies, and 
mesoscopic physics (see [T6j for details and references). 

Similarly to the previous scalar case we consider two choices of matrix U which correspond 
to so-called 5- and S'- interactions on the star graph Q. More precisely, the matrix 

where X is the N x N matrix whose all entries equal one, induces the following nonlinear 
Schrodinger equation with ^-interaction on the graph Q 

id t U - H*U + |U| P “ 1 U = 0. (2.9) 

Here H^, is the self-adjoint operator on L 2 {Q) defined for V = (vj)^ =l by 

(H*V)(x) = (-t#(x))" =1 , *>0, 

r N 

D a : = dom(H*) = \ V G H 2 (Q) : m(0) = ... = Vjv (0), J>'(0) = «n(0) 

l 3 =1 

Model (12.91) has been extensively studied in [lj[2j. I n particular, the authors showed well- 
posedness of the corresponding Cauchy problem. Moreover, they investigated the existence 
and the particular form of standing waves, as well as their variational and stability properties 
(see Theorems 12.21 and 12.41 below). 

The second model we are interested in corresponds to 

u = I ~ aTVTa 1, A6R \{°}- 

which induces nonlinear Schrodinger equation with (^'-interaction on the graph Q 

i9 t U-HjU + |U| p_1 U = 0. (2.11) 

h a is the self-adjoint operator on L 2 (Q) defined for V = (v J )^ =] by 

(Hi'V)(o:) = (-r^(x))^ 1 , x > 0, 

r N 

D x := dom(Hi') = Ve H 2 (G) : u((0) = ... = <(0), 5>,(0) = Au((0) 

l 3=1 

To our knowledge such type of interaction has never been studied for NLS on the star graph. 
In this connection one of the principal aims of this paper is to establish some results about 
the existence and stability of standing wave solutions of (12.111) . 
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2.2 Review of the results on orbital stability for NLS equation with 
point interactions. 

Crucial role in the stability analysis is played by the symmetries of the NLS equation (11.11) . 
The basic symmetry associated to the mentioned equation is phase-invariance (in particular, 
translation invariance does not hold due to the defect). Thus, it is reasonable to define 
orbital stability as follows (for equations (12.41) and (12.61) 1. 

Definition 2.1. The standing wave u(t,x ) = e VjJt p{x) is said to be orbitally stable in a 
Hilbert space X if for any e > 0 there exists rj > 0 with the following property: if G X 
satisfies ||w 0 — p\\x < r h then the solution u(t) of (12.41) (resp. (12.61) 1 with w(0) = u 0 exists 
for any t > 0 and 


sup inf ||w(t) — e l6 p\\x < £■ 

te[o,oo) 0eR 

Otherwise, the standing wave u(t,x ) = e luJt ip(x) is said to be orbitally unstable in X. 

For NLS-d and NLS-d' equations on the line the space X coincides with // 1 (M) and 
H x {R \ {0}) respectively. Note also that the above definition is analogous in the case of 
NLS equation on the star graph tj, and the corresponding space X coincides with £ (Q) for 
equation (12.91) and with H l {Q) for equation (12. lip . 

The existence of standing wave solutions of the equation (12.41) requires that the profile 
(p = (pu.-f G -D 7 satisfies the semi-linear elliptic equation 

Hfo + ujtp- = 0. (2.13) 

Fukuizumi and Jeanjean in [23J (see also [[25]) showed that (12. 13jl for cu > ^ has a unique 
positive even solution modulo rotation (see Figure 1) 

iGt. (2-14) 


l *p b j,'y(x') 


(p + l)o; 


sech" 


{p- l )Vu 


x\ + tanh 


-l 


7 


2 s/uj 



Figure 1(a) : ip un (x) for 7 > 0 Figure 1(b): tp un (x) for 7 < 0 

This solution is constructed from the known solution of (12. 13jl in the case 7 = 0 on each 
side of the defect pasted together at x = 0 to satisfy the condition of continuity and the 
jump condition <//(0+) — <//(0—) = — 799 ( 0 ) determined by (12.51) . Note also that there is 
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no nontrivial solution of (12. 131) for a; < ^ (see, for instance, [U Appendix 8 ] for detailed 
explanation of this fact). 

For the sake of completeness, we recall the main results on the stability of soliton solutions 
of (12.41) . For 7 = 0 orbital stability has been extensively studied in | fl4l[20l[2Tl [39]. Namely, 
e iaJ V^,o is stable in for any co > 0 and 1 < p < 5 (see [20]) and unstable in Ff 1 (M) for 

any co > 0 and p > 5 (see [IT] for p > 5 and (39] for p = 5). 

The case 7 > 0 was studied in pa. In particular, authors showed that the standing wave 
7 is stable in i/ 1 (M) for any co > ^ and 1 < p < 5, and if p > 5, there exists a critical 

co* such that e lujt Lp un is stable in i/ 1 (R) for any c 0 £ and unstable in i/ 1 (M) for any 

co > co*. In the case 7 < 0, the standing wave e lult (p Uil is unstable "almost for sure" in i/ 1 (M) 
for any p > 1 (see [2211231135] ). 

As it was mentioned above, the literature on stability of standing waves for NLS-h' 
equations is very limited. As far as we know there are only two papers m which establish 
extensive investigation on the topic. In (3] the case of 1 < p < 5 and (3 > 0 was considered. 
Meanwhile, in (3j the authors investigated stability of standing waves for NLS-h' equation in 
more general setting (in particular, for p > 1 and /3 > 0 ). 

As above the existence of standing wave solutions u(t,x) = e luJt ip u ^(x) of equation (12.61) 
requires that the profile p = £ Dp satisfies the semi-linear elliptic equation 

Hpip + cop — \ip\ p ~ l p = 0. (2-15) 

It was shown in (3] that for /3 > 0 equation (12. 15j) has two types of solutions (odd and 
asymmetric, see Figure 2) 


= sign(z) 


(.p + 1 )oo 


sech 




(M +y) 


1 

P~ 1 


x^O; (2.16) 




^ sech 2 + 

(£^ S ech 2 


1 

P~ 1 


1 

P-1 


x > 0; 
x < 0, 


U > 

(D Z p~ 1 7 


where y , y 1 and y 2 are positive constants depending on /3,p,co (see [3] Theorem 5.3]). 




Figure 2(a): for /3 > 0 


Figure 2(b): tp a ^p for f3 > 0 


In m were established the following stability results: 
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and unstable for p > 1, 


• standing wave e lut (p^ 


oo > 


4 p+1 . 

0 2 p-1’ 


is stable for p > l,c o G 


7 4 4 P+1 A 

\W’ Wp-l) 


• standing wave e luJt (p™p is stable for 1 < p < 5, u > and p > 5, a; G ^2±1, aiij, 

meanwhile e lujt pf s ^ is unstable for p > 5, oo > 002 > oo\. 

The solutions in the case (3 < 0 can be defined similarly (see Figure 3). In this case the 
constants y,yi,y 2 have to be negative. 




Figure 3(a): for (3 < 0 Figure 3(b): for j3 < 0 

In the second part of the paper we study the orbital stability of the standing wave 
solutions 

V(t,x) = e™*(x) = 

for the NLS-5 and NLS-5' equation on the star graph which appears to be more complicated 
problem. It is easily seen that amplitude $ G D a of the standing wave of equation (12.91) 
satisfies the following stationary equation 

H 6 q ®+u$- = 0. (2.17) 


In [2] the authors obtained the following description of all solutions to equation (12.171) . 

Theorem 2.2. j0| Theorem 4] Let [•] denote the integer part of the real number. Let also 
a < 0, and 00 > (A T 2/ .y ? f or some k G {0,..., }. Then equation (12.171) has k + 1 (up to 

permutations) vector solutions <3?^ = -)d 1; m — 0,..., k, which are given by 


Tm, j (d ) 


(P+ 1 )^ 


sech' 


2 ( (p-i)yz~ 


x — a r . 


l^lGsech 2 (^M^ x + ar 


1 

p-1 


1 

p-1 


j = 1 ,.., m; 
j = m+l,...,N, 


where a m = tanh 


-1 


a 


(2 m — N)y/oo 

Moreover, for —N^/oo < a < a* < 0, the vector solution 3>g = (<^Q J )^d 1; 

'0+ i)cu_. 2 Up-ijy; 


= 


sech 2 [ ———x + tanh 


‘(wye) 


1 

P-1 


(2.18) 





























is the ground state. 

Remark 2.3. Note that vector 1 has m bumps and N — m tails. It is easily 

seen that 4>g is the N-tail profile. Moreover, the TV-tail profile is the only symmetric (i.e. 
invariant under permutations of the edges) solution of equation (I2.17[) . In the case N = 5 
we have three types of profiles: a 5-tail profile , a J^-tail/l-bump profile and a 3-tail/2-bump 
profile. They are demonstrated on Figure 4 (from the left to the right). 





The parameter a* in Theorem 12.21 originates from the variational problem associated with 
equation (12.171) and guarantees constrained minimality of the action functional 


S“(tf) = 7 t||\E ,/ || 2 + ^||\h| 


i | 
p+i ' 




ip+i 

lp+i 


+ fh/y( 0 )| 2 , ¥ = e e{G). (2.19) 


Namely, the vector solution 4 >q is the ground state in the sense of minimality of 5'"(T f ) at 
3 >q with the constraint given by the Nehari manifold 

N' = {* e£{Q) : Ill'll 2 +cu||^|| 2 - ||^||^} + c#i(0)| 2 = 0}. 


In |2 the following orbital stability result has been shown. 

Theorem 2.4. J![ Theorem 2J Let 1 < p < 5, a < a* < 0, and u j > jfz- Then the ground 
state orbitally stable in S(Q). 

Stronger version of the above theorem was proved in [lj Theorem 1], In particular, the 
authors proved orbital stability of e lU}t ^ for a < 0 without restriction a < a* < 0. The 
proof is based on a new original technique that allows one to restrict the analysis to functions 
made of pieces of soliton, reducing the problem to a finite dimensional one and avoiding to 
use direct methods of calculus of variations and linearization procedures (which is standard 
for Grillakis, Shatah and Strauss approach). Note also that, analogously to the scalar case, 
the authors in [ 2 ] showed that for p > 5 there exists c o* such that is stable in £(G) 

for any co G and unstable for any cu > uj*. 

To our knowledge, the problem of orbital stability of standing waves U(f, x) = e lujt <&(x) 
has never been considered for NLS-h' equation (12.111) on the star graph. In the present paper 
we study the orbital stability of the standing waves U(i, x) = e lut <$>Q with tail-like profile 
$0 = Mf = i, where 



(p + l)cu 
2 


sech 2 



x + tanh 


-i 



i 

p-i 


A < 0. 
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( 2 . 20 ) 

















In Section 4 we prove a quite new result on stability of e(see Theorem ll.il) . This result 
in the case N — 2 coincides with the known results for standing waves e lut of NLS-h' 

equation on the line. 

Finalizing we note that investigation of the stability of the standing waves of NLS-h and 
NLS-5' equation on the star graph with bumps in profile #(x) appears to be a complicated 
problem. The last one will be a topic of our future work. 


3 Orbital stability of standing wave solutions for NLS-£ 
and NLS-J' equation on the line 


3.1 NLS-(5 equation 

Consider NLS-<5 equation with attractive nonlinearity 

id t u — H^u + |u| p_1 u = 0. 


As it was mentioned above, one of the main approaches in stability analysis is the abstract 
theory by Grillakis, Shatah and Strauss [26ll27| . To formulate the stability criterium for 
the NLS-5 equation in the framework of this theory we define the following two self-adjoint 
linear operators 


r7 

-^1,07 ~ 


d 2 


dx 2 


+ C 0 




The operators Lf[ u and Lj u 


L lu = -^2 + w “ PuJ’ dom ( L ],J = D n J e {!> 2}- (3- 1 ) 

are associated with the key functional 


S2W 


\\W\ 


+ - 
' 2 


\m 


i 

p +1 


in the following sense 


ip+i 

lp+i 


| W 0)| 2 


(SZTiVunKUiV) = ( L lu U h V l) + m^U2,V 2 ), 

where u = U\ + iu 2 and v = V\+ iv 2 . The functions u 3 , Vj, j E {1, 2} are assumed to be real 
valued. Note also that Lp un is a critical point of Sf. 

Since initial value problem associated to the NLS-5 equation is (at least) locally well-posed 
in H 1 (W) (see m Theorem 4.6.1]) and standing wave solution exists (that is, Assumptions 
1, 2 in ra are satisfied), stability of the standing wave e' lult <p ul ^(x) might be established by 
the following theorem (see [26, Theorem 2]). 

2 

Theorem 3.1. Let oo > Suppose that the following spectral conditions hold. 

(i) ker(LJJ = {0}. 

(ii) ker(L^) = span{^ i7 }. 

(Hi) n ( L i,J = 1 - 

(iv) The rest of the spectrum of the operators and L? 2u is positive and bounded away 
from zero. 
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Then the standing wave e^cp^^x) is stable in i/ 1 (M) if and only z/<9 a ,||</? U)i7 || 2 is positive. 


Making use of the explicit form ( 12 . 141 ) for <p Uj y, the sign of ^HWtII 2 was computed 
in |231123]- By variational methods, it was shown in [23] that n(Lj u ) = 1 in // r ' ad (R), for 
arbitrary 7. Moreover, by using analytic perturbation theory and continuation argument, it 
was shown in [[22] that n{L'l u ) = 1 in i/ 1 (]R) for any 7 > 0, as well as = 2 for 7 < 0. 

The equality ker^^) = span{<^ )7 } was immediately deduced from (12.131) and simplicity 
of zero eigenvalue (see, for instance, da Chapter 2.3]). From the positivity of the profile 
c/ 7 j )7 it follows that n^L^^) = 0 (see Lemma [3731 below). The equality ker (Lj ) = {0} for 


any 7 7^ 0 follows from the fact that v(x) = 


U(p] 


o;,7 • 

/ 

^, 7 : 


x > 0 
x < 0 


does not belong to the domain 

D 1 as v 7^ 0, p 7^ 0. Positivity of the rest of the spectrum of the operators L? lu and Lf w is 
implied by the Weyl theorem on essential spectrum | I36| Theorem XIII. 14], Thus, stability 
in the cases i/ r 1 ad (R), 7 7^ 0, and H l { R), 7 > 0, depends on the sign of c^l| 2 - 

Below we demonstrate how extension theory simplifies investigation of the spectrum of 
Lf^. In particular, we show the following key result. 

2 

Proposition 3.2. Let be defined in (13.11) and oo > Then n(L^ w ) = 1 for any 7 > 0. 


We establish two novel proofs of Proposition [321 The first one is based on a generalization 
of the classical Sturm oscillation theorem to the case of point interaction (see IS1IIS]). We 
present its proof for completeness. 


Lemma 3.3. Let V(x) be real-valued continuous function on R and lim V(x) = c. Let 

|#|—>-oo 

also (pi,(p 2 £ L 2 (R) be eigenfunctions of the operator 


L v — 


dx 2 


+ V(x), 


dorn(Ly) = D y , 


corresponding to the eigenvalues X\ < X 2 < c respectively. Suppose that ri\ and ri 2 are the 
number of zeroes of ipi,ip 2 respectively. Then n 2 > ri\. 


Proof. Suppose that <pi(a) = <pi(b) = 0 and —00 <a<0<6<oo, besides (^1(00) = 0 is 
understood in the sense of limit. Let also <pi > 0 in (a, b). Then <p>\ (a) > 0 and ip\ (b) < 0. 
The "equality" <p\ (b) = 0 takes place only if b = 00 since \ £ H 2 ( 0,oo). Suppose that <p 2 
has no zeros in (a, b) and <^ 2 > 0 in (a, b). Using the fact that p \, p 2 are eigenfunctions of 
Ly, we arrive at 


b b 

// .// 


0 = / (p\p 2 ~ T 1 T 2 )dx + / (A 2 - \i)ipiLp 2 dx 


-0 b b 

/ - T'm)dx + / — (p 1 p , 2 -p[p 2 )dx + / (A 2 - Xi)pxp 2 dx 


(3.2) 


+0 


= bw 2 - v'm ]„ + Wit 2 - vivX-o + / (a 2 - x^p^jx. 


j 1+0 
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0. Therefore, from (13.21) and initial assumptions 


Since </?i, (p 2 e D 1 , we get [ip[(p 2 - = 

it easily follows that 

0 > [<p 1^2 - <p'i<P2] b a = <Pii a )<P2 (a) - <p'i(b)<p 2 (b) > 0, 


which is a contradiction. Thus, (p 2 has at least one zero in (a, b). Analogously, we can prove 
that there exists £ G (— 00 , a] such that y? 2 (£) = 0. Thereby, between two finite zeroes of <pi 
there exists a zero of <p 2 and between the last finite zero of ipi and 00 (between the first finite 
zero of cpi and —00 respectively) there is at least one zero of ip 2 ■ The proof is completed. □ 

The second proof of Proposition 13.21 uses extension theory of symmetric operators. For 
convenience of the reader and for the future references we formulate the following two results. 
The first one reads as follows (see [33, Chapter IV, §14]). 

Proposition 3.4. Let A be a densely defined lower semi-bounded symmetric operator (that 
is, A > ml) with finite deficiency indices n±(A) = k < 00 in the Hilbert space Li, and let A 
be a self-adjoint extension of A. Then the spectrum of A in (—oo,m) is discrete and consists 
of at most k eigenvalues counting multiplicities. 

Remark 3.5. (i) Proposition 13.41 holds for upper semi-bounded operator A < All and 

interval (M, 00 ) respectively. 


(ii) When m — 0, Proposition 13.41 provides an estimate for n(A). 

The second result is a corollary from the mini-max principle (see, for instance, [36l 
Chapter XIII]). 

Proposition 3.6. Let A be a self-adjoint operator in the Hilbert space Li such that <7 eS s(A) C 
[tn, oo), oj > 0. Let there exist a finite-dimensional subspace C_(A) such that the quadratic 
form of the operator A is negative on £_(A) \ {0}. Then n(A) > dim(>C_(A)). 

Remark 3.7. In connection with Lemma 13.31 and Proposition 13.61 it is worth mentioning 
spectral properties of the following self-adjoint operator corresponding to 7 = 0 in (13.11) 


r° 

L l,u> - 


d 2 


dx 2 


+ ^ - pvi nV), dom(L? J = tf 2 


Here 0 is th e smooth soliton solution for the NLS equation (II.ip with fi — — 1 defined as 

<Pw,o(x) — (p+ 2 1)a; sech 2 Pl . (3.3) 


The discrete spectrum of L G luj consists of two simple nonpositive distinct eigenvalues {Ai, 0}. 
To see this one proves that the kernel of L\ u is spanned by (p' u 0 which has only one 
zero. Hereafter one needs to apply Lemma 13.31 (7 = 0), Proposition 13.61 and the fact 
that (^L^ U] Lp U Q, (pw t 0 ) 0 . 

First proof of Proposition 1,9. SI 

Initially we obtain from (12.131) that </? W)7 ) < 0, and, due to Proposition 13.61 we 

have n(LJu) A 1. To evaluate n(L? lt fi) precisely consider the following self-adjoint operator 

Tyu, = -^2 + u ~ PVfifl’ dom (^D = D ~n 
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where tp Ut0 is defined in (13.3D . It is easily seen that 0 £ ker (Lj w ). From Lemma [3.31 and 
the fact that x = 0 is the only zero of ip' u0 we have n{L\ UJ ) < 1. Since <p Ut q(x) > (p u ^(x) for 
all and 7 > 0 (but not for 7 < 0 !), we get the following inequality 

( L 1 ,U V > V ) > (Ll u v,v), for all v E D 1 . (3.4) 

Combining inequality (13.41) with Proposition 13.61 we get 

1 < n(LU < n(LU < 1. 

Thereby, in the case 7 > 0 we get n(L'l u ) = 1. □ 


The second o f Proposition [XU Recall that is the self-adjoint extension of the following 
symmetric operator 


L 0 = + u ~ WS, 7 1 ) dom(Lo) = {jj£ H 2 (R) : v(0) = 0} . 

Moreover, it is known (see [7] Chapter 1.3]) that 

dom(Lg) = H^R) D H 2 (R\ {0}) = dom(L 0 )+ span{e l ^ x '}+ spanje 1 '^^}, > 0. 

Next, it is easy to verify that for 7 > 0 and v E H 2 (R \ {0}) the following identity holds 
(see [3] Subsection 6.1]) 


v" + uw - ptfPjv = — 


1 d 


/ d ( v 


(Putfdx 

Then, using (I3.5j) and integrating by parts, we get 

0 - 

d 


«T Tx (7 


^,7/ -i 


x 7^ 0. 


(^. 0 = l«T( Txy< 


— OO 
OO 


LJ, 7 


+ ( 3T 


0 + 


d 


dx VpL, 


dx 


, / 2^,7 

dx + v v — v 


0 - 


0 + 


(3.5) 


(3-6) 


The integral terms in (13.61) are non-negative and equal zero if and only if v = 0. Due to 
the condition u( 0 ) = 0 , non-integral term vanishes, and we get Lq > 0 on dom(Lo). 

Due to the positivity of L 0 , we conclude n_(L 0 ) = n +(L 0 ) (see [34] Chapter IV,§14]) and, 
by Neumann formula (see [34] Chapter IV,§14]), deficiency indices of L 0 are given by 


n±(L 0 ) 


dim(dom(Lg)/dom(L 0 )) 
2 


1 . 


Then, using Proposition 13.41 we get n(L? lu ) < 1. This finishes the proof due to the inequality 

(-^1 ,UlTui,T> Turf) < 0 . □ 

Remark 3.8. The second proof of Proposition 13.21 cannot be applied for 7 < 0 since in this 
case <p' u has two zeroes. 
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NLS-d equation with repulsive nonlinearity. 

In [3D] the authors considered stability of standing waves u(t,x ) = e lut p^ a for the 
following nonlinear Schrodinger equation with repulsive nonlinearity on the line 

id t u — H^u — \u\ p ~ l u = 0, (3.7) 


with the profile p = <p Wj7 satisfying the semi-linear elliptic equation 

H^p + up + M P- V = o. 


(3.8) 


In [30] Kaminaga and Olita using variational methods proved the following result. 
Theorem 3.9. pJU. Theorem 1 and 2] Let 7 > 0, then the following assertions hold. 


( i ) For oj = 0 and 1 < p < 5, the stationary problem (13.81) has unique positive solution 
(modulo rotations) <p 0 , 7 G 77 1 (M) given by 

1 

P~ 1 

, x g 1 . 


^0,7 


2 (p+ 1)7 


_(4 + (p- lh\x\) 2 


Moreover, the standing wave solution <po , 7 is stable in H 1 ^ R). 


(ii) 


2 

For 0 < oj < and p > 1, the stationary problem (j3.8[) has unique positive solution 
(modulo rotations) <p Wj7 G //’ 1 (R) given by 


7 


(p + l)ca 
2 


sinh 2 



x| + tanh 1 



1 

P~ 1 


J 


16I 


(3.9) 


Moreover, the standing wave solution e ia;t <p W)7 is stable in Ft 1 


We recall that the authors also proved absence of nontrivial solution of (13.81) in the cases 
oj 0, ^ and 00 = 0, p > 5. 

The approach used in the first proof of Proposition 13.21 can be applied to give a short 

proof of the stability part of the above theorem. Let us show that the criterium of stability 

of Grillakis, Shatah and Strauss (see [ 26l Theorem 1]) might be easily applied. Indeed, for 
2 

0 < oj < \ and 7 > 0 we define the following two self-adjoint linear operators 



(F_ 

dx 2 


+ UJ+p<fPj, 



dx 2 


+ LJ + <p 


P~ 1 
cj, 7 5 


dom (L]J = D 1 , je{ 1,2}. 


Here p^ a is defined by (13.91) . Well-posedness of equation (13.71) in i7 1 (M) was proved in 
[301 Propositon 1], The equalities ker (Lj u ) = {0}, kei^L^) = span-fp^}, an d posi¬ 
tivity of the essential spectrum of the operators can be proved analogously to 

the previous case of attractive nonlinearity. Note also that the operators Lj u , L 2uj do 
not have negative eigenvalues. Indeed, since keY(L 2ul ) = span{<p W;7 } and p un > 0, by 
Lemma 13.31 we get n{L'l u f) = 0. Finally, equality n{Lf = 0 follows from the inequality 
(Lj^VjV) > (L] u v,v), v G D^\ {0}. Since all the conditions of [26, Theorem 1] hold, we 
get the stability of the standing wave e^p^^ix) in 77 1 (M). 

The proof of stability of <p 0 , 7 in 77 1 (M) for oj = 0 repeats the one in the case 0 < oj < 
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3.2 NLS-d' equation 


As it was mentioned in the Preliminaries, orbital stability of standing wave solutions for 
NLS-h' equation has been investigated in m- In this Subsection we focus on the orbital 
stability of e lwt p°J ^, where p is defined by (I2.16p . In what follows we will use the notation 

, _ , —odd 

Methods used in |3j are purely variational, while in [3] the authors combine variational 
approach and approach by Grillakis, Shatah and Strauss. Namely, they study spectral 
properties of the following two self-adjoint operators 


L l* = + w - p\<p u ,p\ P \ L lu = -^2 + w “ \^p\ P ' 

dom ( L j,J = D P, ie{ 1,2}. 

The operators LP and are associated with the action functional 


(3.10) 


= Ills'll 2 + f IMI 2 - - ^l^(o+) - ^(o -)| 2 

in the sense of bilinear forms. Namely, 

(^)"(<A *J 3 )(U,V) = (-hgoj^l, v i) + (lI u u 2 ,v 2 ), 


where u = U\ + IU 2 and v — Vi + iv 2 . The functions Uj, Vj, j G {1,2} are real valued. 

The well-posedness for (12. 6 p in H 1 (R \ {0}) was established in [3} Proposition 3.3]. Note 
also that in the present case holds stability criterium analogous to Theorem 13.1 l ithe operators 
have to be substituted by L^ w ). The spectral conditions ker (L^ u ) = {0} and kev^L^) = 
spanjt/p^^}, for (3 > 0, cu > were established in [3]. The following proposition was proved 
in [3j by variational approach. We propose alternative proof in the framework of the extension 
theory 

Proposition 3.10. Let (3 > 0, be defined in (13.101) . and cu > 4z. Then 
(*) n(L? |W ) = 1 for uj 6 ■ 


(**) n ( L lu) = 2 for uj G ^2±i,cx)). 

Proof. First, note that is the self-adjoint extension of the symmetric operator L m - m 
dehned by 


Tmin = - ffi-fp + w - P\T^A P \ dom(L min ) = {v e H 2 ( R) : u(0) = u'(0) = 0}. 

To see that, one needs to put r — a — d = 1, b — 0 and c = — f3 in (12.31) . Since p u p G L°°(M), 
we obtain 


dom(L i ; in )=ih 2 (R\{ 0 }). 

Moreover, the operator L miri is non-negative for [3 > 0. Indeed, it is easy to verify that for 
(3 > 0 and v G H 2 (R \ {0}) the following identity holds 


V + CUV 


P\Pu,p\ P = 


— 1 d 

dx 


dx \ <p Utf) 


x + 0, 


(3.11) 
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where for x Y 0 


<pLb(x) = v^tanh ( {jL ^r^(\x\ + y) 


(£±i>£ sech 2 ( 


: (M +y) 


1 

V -1 


(3.12) 


Here 2 / = 7—7 


— _I_ : } rl ( PVu+2 \ _ 


(p—l)y/w y/ 3 ^/ui —2 J (p—1)t/u 
by parts, we get 


tanh 


-1/2 


PV& 


(see 0)- Using (13.111) and integrating 


0- 


d I v 


( LminV,V) — / ((p Uj p) , , 


— OO 
OO 


«/3) 2 


0 + 


dx V 

d f v 

dx V</3. 


dx 


dx + 


X n — X 


2 <h 

</3 


0 + 


0- 


(3.13) 


The integral terms in (13.131) are non-negative and equal zero if and only if v = 0. Due to 
the conditions x(0) = x'(0) = 0, non-integral term vanishes, and we get L min > 0. 

Due to the positivity of L min we conclude n_(L min ) = n + (L min ), and by Neumann formula 
deficiency indices of L min are given by 


^±(-^min) 


dim(dom(L^ in )/dom(L min )) 

2 


Indeed, (see, for instance, [U Chapter 1.4]) 


H 2 (R \ {0}) = dom(L min ) + span{x l 1 , v 2 }+ spanji/j, v^}, 


where 


v 


1 _ 

d=z 


e iVSx , x > 0; 

0, x < 0. 



0, x > 0; 

e~i ^± ix , x < 0. 


^(Vii) > 0. 


Since is the self-adjoint extension of the positive definite symmetric operator L m j n and 
n±(L min ) = 2, by Proposition 13.41 n(Li ) < 2. Otherwise, we obtain from (12. 15j) that 
< 0, and, due to Proposition 13.61 we have n{L^ u ) > 1. Thus, we get 

l<n(pj< 2 . 


W 


Note that L'f 


l.OJ 


L'o = 


is the self-adjoint extension of the following symmetric operator 
-^2 + w _ Plvwl 1 ’"' 1 , dom(Lg) = {d£ H 2 (R ) : t/(0) = 0} . 


Let us show that L' 0 > 0. Using (13.111) and integrating by parts, we get 

0- / / \ \ 2 


(L' 0 v,v)= U^pf 


d 


— OO 
OO 


dx Wu,p 


d 


0+ v v 


dx 


dx + 


v v — v 


2 <g 

</? 


0+ 


0- 


(3.14) 
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The integral terms in (13. 14ft are non-negative. Let us focus on non-integral term. Due 
to the conditions r/(0) = 0,r>(0+) = w(0—), and formula (13.121) . we deduce 


1 

to 

-6 

e ^ 

to 

1 

0+ 

„.2</3 

V v — v —— 

— — 

V - 

/wj 

0- 



o+ 


o- 


,</»(«-)-<*(o+) 


= ^( 0 ) 
/ 3u) 


2 ^^(°-)^(° + ) - ( ^",/3( 0 +)^L,/3(°- 


</3(° + )</3(°-J 
4 


= \ ^ - 1 - ^ »• 

The last inequality follows from ui < 

We have the following Neumann decomposition (see (7} Chapter 1.4]) 
dom((L' 0 )*) = {r; G H 2 (R \ {0}) : r/(0+) = 1/(0—)} = dom(L' 0 )-j- span{ry}-i- span{u_j}, 
where 


V±i = 


0 iy/ dzix 


x > 0 , 


; lFFlx ) x < o, 


, 3(\/±f) > 0 . 


Due to the positivity of L' 0 and the above decomposition, we obtain 

n± ( L ' Q ) = dim(dom((L / 0 )*)/ dom(L{,)) = 1 

By Proposition 13.41 we get n(Lf < 1, and finally n(L]_ J) = 1. 

(ii) The quadratic form of the operator is defined in Lf 1 (M \ {0}) as follows 

F iA u ) = Ill'll 2 + w||n|| 2 -p(|^,/3| p_1 m,m) - ^|w(0+) - w(0—)| 2 . 

Noting that ip' u p{ 0+) = ^ ^(0—) and integrating by parts, we get for u = if/ p 

L,/») = I ¥w( “ vZ,p + - P M-^)dx 

K_ 

+ [ vlA - <p'Zp + u v'u,p -p|^r _ VL,^)^ + ^L,/3 (o+)(^ i/3 (o-) - <,(0+)) 


^(o+)(^(o-)-^(o+)) 

-p (^p (i - jkY 1 (?-1 - <p+1) a) 


The last one expression is negative due to ui > Since ‘Pw.PJ < 

0, and the functions <^ Wiy g, </>(, * have different parity, we obtain for r, s G C 

F iv( 8( Pu,P + r v'u,p) = M^a/fawO + \r\ 2 Fi, w (<p' u , p ) < 0. 

Therefore, is negative on two-dimensional subspace Ai = span{</? W)/ g, <p' u p} C 
Lf 1 (R\{0}). Thus, Proposition 13. 61 induces n(L^J) > 2, and consequently n{L^ luJ ) = 2. 
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□ 

In P Proposition 6.5] it was shown that <9 u ,||<Aj,/3|| 2 is positive for any p > 1 and u> G 
Thus, due to Proposition 13.101 we conclude that e* w Vw ,/3 is orbitally stable in 

this case. 

Below we briefly discuss how to demonstrate instability of e lu, Vu>„3 f° r P > 1 and u> > 
proved in [3], Theorem 6.11]. To do that we need the following key result. 

Proposition 3.11. Let co > -j^, (3 > 0, and operator be defined as 

~ d? ~ 

= ~dx^ +UJ ~ P\PuA V ~ 1 ^ dom^Jj = D/s n X odd . 

Then = 1. 

Proof. It is obvious that = 1. Since (p u ^ G dom(Lf AJ ) and (pf^<pw,« 9 , < 

0, by Proposition 13.61 we get n(L^ a; ) = 1. □ 

Well-posedness of the Cauchy problem in H 1 (M) D X 0 dd associated with (12.611 was shown 
in [3] Theorem 6.11]. Thus, by [27, Instability Theorem] we induce instability of e lut (pu,p for 
p > 1 and u) > Indeed, when (9 aj ||(p^ i( g|| 2 > 0 then instability follows from Proposition 

13.101 A). In the case <90lw,sll 2 < 0 we can conclude by Proposition |3JJ] instability of 
in H 1 ( R) nX od d which naturally induces instability in H 1 (M). If d w \\<p u ,p\ | 2 (w) = 0, then 
instability in i/ 1 (M) D X Q dd (and consequently in follows from [33] Colollary 2] . 


4 Orbital stability of standing wave solutions for NLS-£ 
and NLS-^' equation on a star graph 

4.1 NLS-£ equation on a star graph 

In this Subsection we propose an alternative proof of the orbital stability of e lu,t 4>o defined 
in (12.181) for a < 0 (see Theorem 12.41 above and p, Theorem 1]). Consider the following two 
self-adjoint matrix operators 



dom(L“J = dom(L" J = D a , 


where Sk.j is the Kronecker symbol, D a is defined by (12.101) . and is defined in 

(12.181) . Analogously to the scalar case the operators and are associated with the 
functional S° defined by (12.191) . i.e., 

(OT^X u, v) = (L^Ud, vo + (l? iW u 2 ,v 2 ), 

where U = Ui + iU 2 and V = Vi + zV 2 . The vector functions U j,Vj, j G {1,2} are 
assumed to be real valued. Since Assumptions 1, 2 in [26] hold (see [2j Proposition 2.1 and 
Theorem 4]), the following stability criterium holds. 
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2 

Theorem 4.1. Let a < 0, u > jfz, and the following spectral conditions hold. 

(*) ker ( L ?,J = {0}- 

(m) WL" J = span{$“}. 

(m) n(L“J = 1. 

(in) T/ie rest of the spectrum of the operators Land w is positive and bounded away 
from zero. 

Then the standing wave e iU}t <&Q is stable in S(Q) if and only if d w \ |3>g 11 2 positive. 

The conditions (i), (ii), (■ iv ) of Theorem 14.11 were established in |[2j. The condition (Hi) 
was proved for —Ny/co < a < a* using variational approach. We prove that n( L“ w ) = 1 in 
the framework of the extension theory for a < 0 without restriction a < a*. 

2 

Proposition 4.2. Let cv > and a < 0. Then n(L“ w ) = 1. 

Proof. In what follows we will use the notation l a = ^ — ^4- + cu — p((p • First, 
note that is the self-adjoint extension of the following symmetric operator 

f N 

L 0 = l a , dom(Lo) = V 6 H 2 (Q) : «i(0) = ... = ujv( 0 ) = 0, J^u'-(O) = 0 

l i =i 

Below we show that the operator Lo is non-negative and n±(Lo) = 1. First, let us show 
that the adjoint operator of L 0 is given by 

L* = la, dom(Lg) = {V G H 2 (Q ) : m(0) = ... = ^(0)} =: D*. (4.1) 

Using standard arguments one can prove that dom(Lg) C H 2 (G) and Lg = l a (see [1341 
Chapter V,§17]). It is easily seen the inclusion D g C dom(Lg). Indeed, for any U = 
(uj)^ G Dq and V = (vj)f =1 G dom(L 0 ) denoting U* = Z a (U) G L 2 (Q) we get 

N 

(L 0 V,U) = (la(V), U) = (V, l a ( U)) + ^ [-v'jUj+VjU'^ 

3 =1 

= (v, 4*(u)) = (V, U*), 

which, by definition of the adjoint operator, means that U G dom(Lg) or C dom(Lg). 

Let us show the inverse inclusion Dq D dom(Lg). Take U G dom(Lg), then for any 
V G dom(Lo) we have 



N 


(L 0 V, U) = (la(V), U) = (V, la( U)) + ^ [-v' jUj + VjU'j] 


3 = 1 


= (V, LqU) = (V, Z a (U)). 
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Thus, we arrive at the equality 

N N 

[~ v 'i u i + v 3 u 'j \r = v 'j (°) M i (°) = 0 ( 4 - 2 ) 

3 =1 3 =1 

for any V G dom(L 0 ). Let W = G dom(L 0 ) such that 7 / 4 ( 0 ) = w' 4 ( 0) = ... = 

w’ N (0) = 0. Then for U G dom(Lg) from (14^2(1 it follows that 

N 

y^Wj(0)uj(0) = ra , 1 (0)ui(0) + t/4(0)t/ 2 (0) = 0. (4.3) 

3 = 1 


N 

Recalling that ra'(0) = w i(0) + ^4(0) = 0 and assuming w' 2 ( 0) 7 ^ 0, we obtain from (I4.3j) 
3 =1 

the equality 7/1 (0) = t/ 2 (0). Repeating the similar arguments for W = (wj)^ =1 G dom(L 0 ) 
such that 7/4(0) = 7/4(0) = ... = w' N (0) = 0, we get 7/1 (0) = t/ 2 (0) = 7 / 3 ( 0 ) and so on. Finally 
taking W = ( 7 Vj)f =1 G dom(L 0 ) such that w' N (0) = 0 we will arrive at 7ti(0) = t/ 2 (0) = ... = 
Wjv_i( 0) and consequently 7/1 (0) = tz 2 (0) = ... = t/jv( 0). Thus, U G or Dq D dom(Lg), 
and (14.11) holds. 

Let us show that the operator L 0 is non-negative. First, note that every component of 
the vector V = (vj)^ =l G H 2 (Q) satisfies the following identity 


-v" + UVj - p((Poj) 


■ - -n(m? hP-Li.. = 


V 3 = 


-1 d 

Oo ,j)' dx . 


w 2 


dx VK,)' 


x 7 ^ 0 . 


Using the above equality and integrating by parts, we get for V G dom(L 0 ) 


l .v,v) = £/ (Wj) y(L 

3 ~ x 0 

N 00 
i- 1 0 




(Voj)' 

2 


N 


dx + 

j =1 L 


, 2 W 

-Vi+VjJ^Tv 


y o,jJ 


dx > 0 . 


Due to the Neumann formula we obtain the decomposition 

dom(Lg) = {V G H 2 {Q) : 7/1 (0) = ... = t/jv( 0)} = dom(L 0 )+span{Vj}+span{V_j}, 


where V ±i = 


N 


3 = 1 


Indeed, since *= L°°(R + ), we get dom(Lg) = dom(L*), where 


L = (( _ lx*) Sk,j } ’ dom ( L ) = dom(Lo). 

Therefore, deficiency indices are equal (by positivity of Lo) and 

dim(dom(L*)/dom(L 0 )) 

—-7:-— 3. 


Due to Proposition 13.41 n( L“ w ) < 1. Taking into account that (L" w $q , ^0 ) = ~(p ~ 
l)ll^ollp+i < 0 ) we arrive at n( L“ w ) = 1 . □ 

Theorem 12.41 now easily follows for a < 0 from Theorem 14.11 and positivity of c^H^g || 2 
proved in [2J. 
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4.2 NLS-d' equation on a star graph 

As it was announced in the Introduction, in this Subsection we discuss a new problem. In 
particular, we study orbital stability of the standing wave U(t, x) = e lut A>(x) = (x )) . =1 

of NLS-5' equation (12.611 with the particular profile 4> = 4 >q = (<^q )f=i-> where is dehned 
by ( 12.2011 for A < 0. 

It is easily seen that amplitude 4 >q of the standing wave satisfies the stationary equation 

H+ = 0. 


In other words, standing waves exist or Assumption 2 in [26] holds. As before we use the 
same approach by Grillakis, Shatah and Strauss. Due to this approach we need to prove 
well-posedness of the Cauchy problem associated with (12.1111 ( Assumption 1 in [26]). The 
proof of this property can be easily established combining the ideas of proof of j3[ Proposition 
3.3] and [U Proposition 2.1]. 

Consider two self-adjoint matrix operators 



dom ( L i,J = dom(L£j = D a , 

where Skj is the Kronecker symbol. These operators are associated in a standard way with 
the second derivative of the following action functional 






At 


ip+i 

lp+i 


+ Jx 


N 


3 =1 


— I I 

2 N 


At 


2 


where = (PjOyLi G H 1 (Q). Namely, 

(^)"($ 0 A )(U,V) 


(LtU 1 ,V 1 ) + (LtU 2 ,V 2 


where U = U-i + zU 2 and V = Vi + iV 2 . 

Since Assumptions 1,2 in [27] are satisfied, the following theorem holds (see [27l Sability 
and Instability Theorem]). 

Theorem 4.3. Let A < 0,ui > and the number p(u)o) be defined as 


P(u o) 


1 */ d w \ |4»q|| 2 > 0 at u> = loo, 
0 if du\ |4>q| j 2 < 0 at u = loq. 


(4.4) 


Let also the following spectral conditions hold. 

(*) ker ( L qJ = {°}- 

(ii) ker(L^) = span{4^}. 

(in) ra(L£j < cx). 

(iv) The rest of the spectrum of the operators and is positive and bounded away 
from zero. 
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Then the standing wave e lU}t &Q is stable in H l (Q) if nfL^) — p(uj o) = 0, and is 

unstable ifn( L* ) — p(uj 0 ) is odd. 

Below we give the description of the spectrum of the operators and L^. 
Proposition 4.4. Let A < 0 and uj > then the following assertions hold. 

(i) ker(L^) = span{4>^} and L^ w > 0. 

(ii) If uj < , then ker(L* J = {0} and n(L£J = 1. 

(Hi) If uj = thenn( L^ w ) = 1 and ker(L^) = span{\I>;), where 

^ = (0,..,0,(^) # > -(^) / ,0 J .. J 0). (4.5) 

j j+i 


(: iv ) If uj > then ker(L| w ) = {0} and ^(L^) < N. Moreover, for N even in the 

space Hf v (Q) we have n(L^ w ) = 2. 

(v) The rest of the spectrum of~L\ u and is positive and bounded away from zero. 

Proof. (i) It is clear that 4 >q G ker(L 2 W ). To show the equality ke^L^) = spanj^p} let 
us note that any V = (vj)^ =x G H 2 (Q) satishes the following identity 


+ wvj~(<p%) p = 


—1 d 




<Pq dx l dx \<Pq J 


, XyK). 


Thus, for V G D\ we obtain 


J-i o 


2 (^: 


-v'jVj + Vj-—j 
J J To 


N r / J / \\2 Nr- 

J-1 o J— 1 


v’MvM-vm 


K A )'( 0 ) 


To( 0 ) 


Due to the boundary conditions in (j2. 12(1 and formula (12.2011 we obtain 



u'(0)u,(0)-^(0) 


W(Q) 

To( 0 ) 


N 


= V 


'i(o)J>.,(o) 


j=1 


N 


£«i(°) - n ^ v j 2 (°) 


j =i 


N 

J 


N 


E40) 


which is obviously positive for A < 0 due to Jensen’s inequality for the function f(x) = 
x 2 . 

Thus, (L^V, V) > 0 for V G D\ \ {<3>o, 0} which proves (i). 
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(ii) Concerning the kernel of L| w , we recall that the only L 2 (M + )-solution of the equation 

-v" + cuVj - = 0 


is Vj = (<Pq)' (up to a factor). Thus, any element of ker(L^ aJ ) has the form V = 

(vj)jL 1 = (cj(<Po )')£=i> c j e C - If v i(°) = ••• = *4(0) ^ °> then by ( ED we get 
Ci = ... = 7 ^ 0 and consequently 7 V(^q)'(0) = A(</?q)"( 0). Therefore, co = ^ which 

is impossible. Otherwise, the condition u'(0) = 0 implies that (< Pq)"(0 ) = 0 which is 
equivalent to the identity u> = Thus, we get that C\ — ... — Cj — 0 and V = 0 

forw^C 2 ^- 

' X z p— 1 

The proof of the equality n(L^) = 1 for u < is similar to the one in the 

previous case of NLS-h. Namely, denoting 


h = 




(4.6) 


we define the following symmetric operator 


Lq = lx, dom(L') = jv G H\Q ) : uj(0) = ... = *4(0) = 0, X>(°) = °J ■ 

ft is easily seen that is the self-adjoint extension of L/ 0 . Let us show that the 
operator L ' 0 is non-negative. First, note that any V = (vj)^ =1 G H 2 (Q) satisfies the 
following identity 


-V" + UVj - p{(Po) p 1 v j = 


—1 d 

(v’o y dx . 


((<A) 


A\/\2 


d 


dx 


n Ay 


x 7 ^ 0 . 


Using the above equality and integrating by parts, we get for V G dom(L ' 0 


N 

(l;v,v) = £ /((«))' 

i =1 n 


dx V(A A )' 


! N 

dx + E] 

j =i - 


, 2 (^)" 10 ° 




0 


N 00 

E / ((^o)') 

i- 1 n 


d 


dx V(^o)' 


N 


(4.7) 


* - T l 7 (0i 


i=i 


M"( 0 ) 

(^)'(O) 


Taking into account that 


~ vm Mm = ^ 2(0) w ( p “ 1 “ (p + 1} jb 

we get nonnegativity of L' 0 for uj < 

The adjoint operator is given by 

(Li)* = h, dom((L' 0 )*) = {V 6 H\Q) : «i( 0 ) = ... = <4,(0)} . 
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The last formula can be shown analogously to the previous case. Due to the Neumann 
decomposition, we get 


dom((L' 0 )*) = (V G H 2 (Q) : 4(0) = ... = *4(0)} = dom(L' 0 )+span{V,}+span{V_j}, 

4), we get dom((L' 0 )*) = dom(L*), 


N 


where V-t* = . Indeed, since G L 

where 

d 2 \ 
dx 2 ) 


L = ( (-— )5 k ,j ) , dom(L) = dom(L' 0 ). 


Since L ' 0 > 0, deficiency indices are equal, and 

„ /t/a dim(dom((L q)*)/ dom(L q)) _ 1 
? Lt(L 0 ) — ^ — I. 

By Proposition 13.41 n(L^) < 1. Due to (L^$g,^o) = ~(p ~ l)ll^ollp+i < 0, we 
finally arrive at n(L^ w ) = 1 , and (ii) is proved. 

(Hi) From the proof of item (ii) we induce that n(L;4) = 1 and the kernel of is 
nonempty as cu = Moreover, we know that any element of the kernel has the 

form V = (vj)jL i = (cj((Po)')f = i, Cj G C, and it is necessary that 4(0) = ... = *4(0) = 
0. Hence the condition 

N 

(4.8) 


Vi(o) = £>(o) = o 


3 = 1 


gives rise to (N — l)-dimensional kernel of Since the functions T':), 1 < j < N — 1, 
defined in (14.5ji are linearly independent and satisfy the condition (14. 8 j) , they form the 
basis in ker(L^ w ), and (Hi) is proven. 

(iv) The identity ker(L| aJ ) = {0} was shown in (ii). To show the inequality ?i(Iq w ) < N 
we introduce the following minimal symmetric operator 

Lmin = 4 dorn(L min ) = (V G H 2 (G) : v\ (0) = ... = *4(0) = *i(0) = ... = Ujv(0) = 0} , 

where l\ is defined in (14.61) . The operator L| w is the self-adjoint extension of L min . 
From the formula (14.71) it follows that L m i n is a non-negative operator. It is obvious 
that 

L min = h, dom(L;,„) = H\Q). 

Then, due to the Neumann formula 

dom(LD n ) = dorn(L min )+span{V},.., Vf}+span{V4, ..,V4}, 


where \ J ±i = ^0,e 1 ^”, 0,.., Oj , and consequently n±(L min ) = N. By Proposition 
El n( L*J < N. 

Let N be even. It is easily seen that n±(L min ) = 2 in H^ V (Q). Indeed, 


dorn(L^in) = dom(L min )+span{V-, V?}+span{V4, V*J, 
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where 


VL = (e iVSx ,...,e w±lx , 0 ,...,0), VL = (0,..., 0 ,e w±lx , ...,e w±lx ). 

±l V 1 N/2 N/2+1 n' ±l V N/2 N/2+1 N 

Thus, by Proposition 13.41 we get n(L / ^ aj ) < 2 in H^ V (Q). 

Let us introduce the following quadratic form Ff u associated with the operator L A U 

n °9 / n \ 2 

ny v ) = n v 'ir+Mivir-pXl /wrs 2 *+1 5>(°) • 

3 =i o \i=i / 

dom(F^) = 


iy/Sx 


0 i\/±ix iy/±ix 


Consider 


1 N/2 N/2+1 N 


Integrating by parts and using (14.5H . we get 

OO 

n A „(i) = N [MY (-MY" + uMY -pMr-'MY) dx - JV(rf)'(o)(rf)"(o) 


= (i - 0 p - 1 (p -1 - (P + Dfi), 


which is negative for to > Recalling that (L A w $g, <&q) < 0, we get by orthogo¬ 

nality of and $o 


Ffjs** + rtf') = + |r| J F A J^) <0, r.seC. 

Thus, F^ u is negative on two-dimensional subspace M. = span{4?g, 4/}. Therefore, 
by Proposition 13.61 we get n(L A aJ ) > 2. The assertion (iv) is proven. The proof of 
item (w) is standard and relies on the Weyl theorem. This finishes the proof of the 
Proposition. 

□ 


Finally, we have to evaluate p(cu) defined in (14.41) estimating <9^1 |4>o| | 2 . 

Proposition 4.5. Let cu > ^ and J(u>) = <9^1 |4>o 11 2 . 

(i ) If 1 < p < 5, then J(lu) > 0. 

(ii) If p > 5, then there exists cu* such that J(cu*) = 0, and J( cu) > 0 for lu G (^jf,cu* 
while J(cu ) < 0 for lu G (cu*, oo). 
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Proof. Recall that <&q = {(Po)f =1 , where <pg is dehned by (12.201) . Changing variables we get 


(<Po(x)) dx = 


2 2 1 

p + l\ P- 1 2(jJP- L 2 


P — 1 


tanh 


lAlv/t; 


p + nAa.Ad j (i _ 


p — 1 


N 

PI V s 


From the last equality we get 


7—3p 


J{u) = Ccu 2 (p~ 1 '> 


3-P 


3-p 


3 


V 


I A| %/uJ 


sechP -1 ydy 


7-3 p 


= Cw 2 (^ 1 )J 1 (a)) 1 (4.9) 


where C = —fj ( £ ^-) p_1 > 0 and 


Ji(ca) = 


5 —p 
P-1 


3-P 


3-P 






|A| 


Thus, 




i - 


3-P 
AT 2 \ P-1 
X 2 ui 


+ 


N 2 

\ 2 0J 


1 - 


Af 2 

A 2 u 


2(P~2) 

P-1 


(4.10) 


It is immediate that J(ca) > 0 for 1 < p < 5. Consider the case p > 5. It is easily seen that 
J\{u) > 0 for cu in a neighborhood of and Ji(lo) < 0 for ui big enough. Moreover, from 
(14.101) it follows that J[(u>) < 0 for u: > ^ and consequently J\(oj) is strictly decreasing. 
Therefore, there exists a unique to* > ^ such that Ji(co*) = J(u>*) = 0, consequently 
J(u) > 0 for lu G and J(co) < 0 for cu G (o/,oo). □ 

Proof of Theorem li.il 

( i ) Combining Theorem 14.31 Proposition 14.41 (items (*), (ii) and (n)), and Proposition 
031 (i) we get assertion (*). 


(ii) Combining Theorem 14.31 Proposition 14.41 (items (*), (iv) and (v)), and Proposition 
14.51 («) we get instability of e lut $>Q (i) in H^. V (Q). We note that well-posedness of 
equation (12.111) in H^ V (Q) follows from the uniqueness of the solution to the Cauchy 
problem. Finally, instability in the smaller space Hf,(Q) induces instability in all 

H\Q). 


□ 
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Remark 4.6. (i) Relative position of oj* and is not clear. Computer analysis gives 

us an opportunity to claim the hypothesis that ca* > The last one by Theorem 

14.31 implies the following hypothesis on the stability of U(£, x) = defined in 

(12.201) in the case p > 5: 

(a) If oj £ , then U(f, x) is stable in H l {Q). 

( b ) If oj G and N is even, then U(f,x) is unstable in H l (Q). 

(c) If oj > uj* and N is odd, then U(£, x) is unstable in H l (Q). 

(ii) In the case oj = oj* and p > 5 we conjecture due to [35, Corollary 2] that the standing 
wave U(t, x) is unstable. Indeed, it is easy to show that the number of negative 
eigenvalues of the operator 

= (( - 55? + " - dom(Lj„) = D, n £(5), 


7-3 p 

equals one. Let c(cj) = Ccu 2 ^ -1 ), then from (14.91) we get 

J{oj) = c(o;)Ji(a;). 

Therefore using the properties of J\{oj) established at the proof of Proposition 14.51 we 
get 

J'(oj*) = R{pJ*)Ji{u*) + c(v*) J[(oj*) = c(oj*)J[(oj*) ± 0 , 

or d%\ |$o 11 2 ^*) 0 - Thus, by [35], Corollary 2] we can conjecture that for oj = oj* the 

standing wave U(£, x) is unstable in S(Q) and consequently in H l (Q). 
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